ABSTRACT. Let (R, m) be a Noetherian local ring of dimension d and K, Q be m-primary ideals in R. In this paper we study the finiteness properties of the sets 
INTRODUCTION
The main objective of this paper is to study the finiteness properties of various sets of the Hilbert coefficients relative to the properties of the ring. First we introduce the notations needed to define these sets.
Throughout this paper (R, m) denotes a Noetherian local ring of dimension d with maximal ideal m, M a finitely generated R-module of dimension r and K a fixed m-primary ideal.
For an m-primary ideal Q, the fiber cone of Q with respect to K is the standard graded algebra F K (Q) = ⊕ n≥0 Q n /KQ n . The Hilbert function of the fiber cone F K (Q) is given by H(F, n) := ℓ R (Q n /KQ n ), where ℓ R (M) denotes the length of an R-module M. It is well known that H(F, n) agrees with a polynomial P(F, n) of degree d − 1, for n ≫ 0, called the Hilbert polynomial of F K (Q). We can write P(F, n) in the following way:
where the coefficients f K i (Q) are integers known as the fiber coefficients of Q with respect to K. The Hilbert-Samuel function of Q for M is the function H(Q, n, M) = ℓ R (M/Q n M). In [JV05a] authors introduced the Hilbert function of Q with respect to K defined as H K (Q, n) = ℓ R (R/KQ n ). It is known that for n ≫ 0, H(Q, n, M) (resp. H K (Q, n)) agrees with a polynomial P(Q, n, M) (resp. P K (Q, n)) of degree r (resp. d). We can write these polynomials in the following manner:
i e i (Q, M) n + r − i − 1 r − i (1.1) for unique integers e i (Q, M) (resp. g K i (Q)) known as the Hilbert coefficients of Q for M (resp. Hilbert coefficients of Q with respect to K). One of the motivations to study g K i (Q) is that these coefficients are related to the fiber coefficients (see (2. 3)) and hence are useful to study the properties of f K i (Q). The properties of g K i (Q) have been studied in [D'cr13] , [GZT07] , [JV05a] , [JV05b] , [Sal16] , [ZGT08] .
In this paper we consider the sets For a set S we use |S| to denote the cardinality of the set S.
Let r, d ≥ 2. In [GGH + 15] authors proved that the set Λ 1 (M) is finite (resp. singleton) if and only if M is generalized Cohen-Macaulay (resp. Buchsbaum) provided M is an unmixed module, see [GGH + 15, Theorems 4.5 and 5.4]. In Section 3, we investigate the set Λ K 1 (R) for analogous properties. We prove that an unmixed local ring R is generalized Cohen-Macaulay if and only Λ K 1 (R) ( equivalently δ K 1 (R)) is finite (Theorem 3.2). Next, we prove that if R is unmixed and |Λ K 1 (R)| = 1 then R is Buchsbaum where as the converse holds true for K = m (Theorem 3.5). We expect that Λ K 1 (R) need not be singleton in a Buchsbaum local ring for an arbitrary m-primary ideal K (see Discussion 3.7).
In Section 4, we study the finiteness of the sets Λ In section 5, we consider the set 
). This suggests that results on the finiteness properties of the set Λ i (M), for any finitely generated module M, are useful to study the similar properties of Λ K i (R). This method is used in order to study the finiteness of the set Λ K i (R) in this paper. This method depends on the module theoretic properties of K and is used to study the finiteness of the set Λ K i (R) in this paper. We refer [Mat06] and [BH93] for undefined terms.
PRELIMINARIES
In this section we prove some preliminary results needed in the subsequent sections. We first note a relation between the Hilbert coefficients and the fiber coefficients.
Remark 2.1.
(
Thus comparing the coefficients of both sides, we get
for all integers n. Thus comparing the coefficients of both sides, we get It is well-known that M is generalized Cohen-Macaulay if and only if I(M) < ∞. In this case
We refer [CST78] and [Tru86] for details.
Definition 2.2.
(1) A parameter ideal Q for M is said to be standard for M if I(Q; M) = I(M). An ideal I with ℓ R (M/I M) < ∞ is said to be M-standard ideal if every parameter ideal for M contained in I is standard for M. (2) An R-module M is said to be Buchsbaum if every parameter ideal for M is standard.
In the following lemma we relate the properties of R and K as an R-module. 
This induces the exact sequence (2): Let Q = (x 1 , . . . , x d ) be an arbitrary parameter ideal of R. We show that Q is standard for R. Since depth R > 0, (2.5) gives an exact sequence 
which is independent of Q. Hence m is Buchsbaum.
3. THE SET Λ K 1 (R) In this section we study the finiteness of the set Λ K 1 (R). We give an equivalent criterion for the set Λ K 1 (R) to be finite in an unmixed local ring (Theorem 3.2). We also consider the problem when g K 1 (Q) is independent of Q. For K = m, we give a characterization for |Λ K 1 (R)| = 1 in an unmixed local ring and obtain partial results for arbitrary K (Theorem 3.5).
Recall that a module M is said to be unmixed if dim R/p = dim M for all p ∈ Ass R ( M), where M denotes the m-adic completion of M. In the following proposition we give bounds on g K 1 (Q) in generalized Cohen-Macaulay local rings which are independent of Q. Consequently, we give an equivalent criterion for the finiteness of Λ K 1 (R) in terms of K in an unmixed local ring. 
Using (2.5) and (2.6), we get that
If Q is a standard parameter ideal for K then, by [Tru86, Corollary 4.2],
Hence (1b) follows from (2.1). The following theorem provides an equivalent criterion for an unmixed local ring R to be generalized Cohen-Macaulay in terms of the set Λ K 1 (R). (1) R is generalized Cohen-Macaulay;
is finite. Since R is unmixed, K is an unmixed R-module. Therefore by [GGH + 15, Lemma 4.1], K is a generalized Cohen-Macaulay R-module. Hence by Proposition 2.3(1), R is generalized Cohen-Macaulay.
For a finitely generated R-module M, we set Assh
In order to prove the next theorem we need a modified version of [GGH + 15, Lemma 4.3].
Lemma 3.3. Let (R, m) be a Noetherian local ring and M a finitely generated R-module with
Proof.
By Artin-Rees Lemma there exists an integer
which is a contradiction. Thus dim U ≤ r − 2.
In the following theorem we give equivalent conditions for the finiteness of the set Λ K 1 (R) in any Noetherian local ring. 
When this is the case, we have
for every parameter ideal Q of R.
Proof. We may assume that R is complete.
(1) ⇒ (2): Since R/U is a generalized Cohen-Macaulay ring, by Proposition 3.1(1a), the set Λ
The last assertion follows from Proposition 3.1(1a).
In the following theorem we give a sufficient condition for R to be Buchsbaum. (1) Suppose R is unmixed and
(1): By Proposition 3.1(2), we get that K is a Buchsbaum R-module. Hence by Lemma 2.3(2), R is a Buchsbaum ring. Since every parameter ideal of R is standard for K, by Proposition 3.1(1b), 
We may assume that R is complete.
(1)⇒ (2): By [Sal16, Lemma 3.6] and Theorem 3.5(2), we get |Λ m
Therefore, by Theorem 3.5(1), R/U is Buchsbaum. We discuss below that for an arbitrary m-primary ideal K in a Buchsbaum local ring R,
and Q is standard for K, using [Tru86, Corollary 4.2], we get
for all n ≥ 0. Putting n = 0 and using (2.5) and (2.6), we get
Comparing (3.1) and (3.2), we get ℓ R (Q/QK) = dℓ R (R/K) for every parameter ideal Q of R. This need not be true even in regular local rings.
However, we expect that |δ K 1 (R)| = 1 for an arbitrary m-primary ideal K in a Buchsbaum local ring. We have neither a proof nor a counter-example for this statement.
Remark 3.8.
(1) Suppose R is a generalized Cohen-Macaulay local ring. Then, by [GGH + 
Proof. We apply induction on r. Let r = 1.
Therefore for all n ≥ 0,
Thus the result is true for r = 1. Now let r > 1 and Q = (x 1 , . . . , x r ) be a parameter ideal for M. 
for all n ≥ 0. Considering the exact sequence
Hence, using (4.1) and (4.2), we get
Q n M/Q n+1 M be the associated graded module of M with respect to Q.
the Castelnuovo-Mumford regularity of the graded module G Q (M). We need the following lemma in order to obtain uniform bounds on the coefficients e i (Q, M) in terms of reg(G Q (M)). We skip the proof of this as it is similar to [GO11, Lemma 2.3].
Lemma 4.3. Let M be a finitely generated module of dimension r > 0 and Q a parameter ideal for M.
( 
We use a method similar to [GO11, Theorem 2.2] to prove the following theorem.
Theorem 4.4. Let M be a generalized Cohen-Macaulay module of dimension r > 0 and Q a parameter ideal for M. Put
Proof. We may assume that the residue field R/m is infinite. We use induction on r. 
Let Q = (x 1 , . . . , x r ) be such that x 1 is superficial for M with respect to Q. Put M = M/x 1 M andκ = reg(G Q (M). Then, using induction hypothesis and Lemmas 4.1 and 4.3(2), we get
and for all t ≥κ,
Hence, using (4.3), we get (Q t+1 M : 
This implies that
[using Lemma 4.2 and Equations (4.1), (4.6) and (4.7)]
[using Lemmas 4.1 and 4.3 (2)]
In the following lemma we give a necessary condition for the finiteness of the set 
Proof. We may assume that R is complete. Let l be an integer such that (Q, N) . Thus the set {e 1 (Q, N) : Q is a parameter ideal for M and Q ⊆ K} is finite. By [GGH + 15, Remark 4.4], the set {e 1 (Q, N) : Q is a parameter ideal for N and Q ⊆ K} is also finite. Hence, by U = 0 case, N is generalized Cohen-Macaulay. We now show that t := dim U ≤ r − (k + 1). We may assume that t ≥ 1. Let x 1 , . . . , x r be a system of parameters for M such that (x t+1 , . . . , 
We have
Since the filtration {Q n+1 M ∩ U} is a good Q-filtration of U (see [RV10,  page 1] for the definition of good Q-filtration),
Next, we improve a result of Goto and Ozeki [GO11, Theorem 1.1] and generalize it for modules. In order to prove this we recall the following result from [CLT15] . We now discuss an example from [GO11] which illustrates the significance of the finiteness of 
is not a finitely generated A-module. Hence A is not generalized Cohen-Macaulay.
As a consequence of Theorem 4.7 we obtain a characterization of generalized Cohen-Macaulay rings in terms of the coefficients g K i (Q). (1) R is generalized Cohen-Macaulay; 
THE SET ∆ K (R)
For an R-module M, we set
In [KT15] authors gave a necessary and sufficient condition for the finiteness of the set ∆ R (R). In this section we give an equivalent criterion for the finiteness of the set ∆ K (R) (Theorem 5.7). For this purpose we first give a characterization for the set ∆ R (M) to be finite (Theorem 5.6). We use a bound given by T. Puthenpurakal, [Put03, Theorem 18], to give a sufficient condition for the finiteness of ∆ R (M). In order to obtain a necessary condition we use "induction".
We need few lemmas in order to prove Theorem 5.6. In the following lemma we show that if Proof. Let I be an m-primary ideal of R and k ≥ 1 an integer. We have
n + r − 1 r − 1 + lower degree terms and
Comparing (5.1) and (5.2), we get e 0 (I k , M) = k r e 0 (I, M) and
Since ∆ R (M) is a finite set, the set {e 1 (I k , M) | k ≥ 1 is an integer} is also finite. Hence using (5.3), we get r = 1.
In view of Lemma 5.1, we assume that r = 1 while examining the finiteness of the set ∆ R (M). Now we recall the following theorem from [KT15] which will be used in this section. ( 
In order to obtain an upper bound on the set ∆ R (M), the ring R having dimension one in Proposition 5.3 is not a restrictive condition as we may pass to R/ Ann R (M), if needed, and assume that dim R = 1. 
For an m-primary ideal I in R, the following statements hold true.
. Proof. Tensoring (5.5) with R/I n+1 , we get an exact sequence
where K I,n+1 (depends on I and n) is some R-module of finite length. Therefore Suppose that dim C = 0. Then I n C = 0 for n ≫ 0. Hence from (5.6), we get that
5.4(2): Again using (5.6), we get
(by Proposition 5.3(1)).
In the following lemma we give a necessary condition for the finiteness of the set ∆ R (M) if M is a cyclic module of dimension one. A similar argument as above shows that e 1 (I, K) = ℓ R (KB/K). Hence Γ(R) ⊆ ∆ R (K). Thus Γ(R) = ∆ R (K). Therefore using (2.1), (5.7) follows.
Let C := sup ∆ K (R). From (5.7) it follows that C ≤ ℓ R (KR/K) − ℓ R (R/K). Hence in order to prove the second assertion we may assume that C is finite. Then, by Theorem 5.7, R is analytically unramified and hence R is a finite R-module. Again using (5.7), we get C ≥ ℓ R (KR/K) − ℓ R (R/K).
Remark 5.10.
(1) The containment in Theorem 5.9(1) can be strict. Let R be a CohenMacaulay local ring of dimension one and I an m-primary ideal. Choose an integer t such that e 1 (I, R) is not divisible by t. Let M = R t . Then e 1 (J, M) = te 1 (J, R) for every m-primary ideal J in R. By [KT15, Corollary 2.4], e 1 (I, R) = ℓ R (B/R), for a finite R-module B such that R ⊆ B ⊆ S −1 R. Now, R t ⊆ N := B ⊕ R ⊕ · · · ⊕ R ⊆ (S −1 R) t and N is a finite R-module. Also, ℓ R (N/M) = ℓ R (B/R) = e 1 (I, R). Suppose there exists an m-primary ideal J in R such that e 1 (J, M) = ℓ R (N/M) = e 1 (I, R). Then te 1 (J, R) = e 1 (I, R) which is a contradiction. This implies that the containment in Theorem 5.9(1) can be strict. 
